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SHORT COMMUNICATIONS

Revised analytic constants for atomic scattering factors. By J. D. Leg, Chemistry Department, Loughborough Uni-
versity of Technology, Loughborough, Leics., England and H. W. PAKES, Mathematics Department, Loughborough

University of Technology, Loughborough, Leics., England
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Analytic constants for atomic scattering factors for use with Cu Kax and Mo Ko radiation have been cal-
culated for the elements of atomic numbers 1-100, based on the scattering factors of Hanson, Herman,

Lea & Skillman (A4cra Cryst. (1964) 17, 1040).

Vand, Eiland & Pepinsky (1957) have shown that the atomic
scattering factor f for Cu K« radiation may be expressed as
a function of x=sin 6, for 0<6<90° by the sum of two
exponential terms

f=A exp (—ax2)+ B exp (—bx2) . 1)

It was suggested that a better fit for Mo K« radiation over
this range of 6 could be obtained by the use of

f=Aexp(—ax2)+ Bexp(—bx2)+C. (@)

Forsyth & Wells (1959) modified this in the following ways.
(1) The reciprocal space variable was changed from x to
s=sin 6/4 so that the values of @ and b are independent of 1.

(2) The condition 4+ B+ C= N, the number of electrons
in the atom or ion, was relaxed to allow an improved fit
over the more useful range of values of s.

(3) A weight factor w=exp {—(s—0-5)2} was applied to
the least-squares curve fitting procedure to obtain the best
agreement in the middle of the curve, i.e. at #=45°, where
most crystallographic data occurs.

Tables of values of 4, a, B, b and C have been published
by Forsyth & Wells (1959) for Cu K« radiation, and by
Moore (1963) for both Cu K« and Mo K« radiation. The
intention of the present authors is to provide new and
revised values of these constants using the more recent
atomic scattering factor tables of Hanson, Herman, Lea &

Table 1. Analytic constants for atomic scattering factors for Cu K« radiation

At.No. Element 4 a B b 4 €

1 H O.UTT 9.k5T 0.498 33.805 0.025 0.139
2 e 1.233 5.072 0,608 19.191 0.160 0.0k3
3 Li 1.543 3.343  1.056 108.T70  0.39T7 0.1k0
) Be 1.178 3.027 1.991 55.354 0.816 0.27T1
5 B 1.269 T.015 2.408 39.90k 1.306 0©.288
6 c 2,270 8.657 2.271 33.3kk  1.L48 0.165
7 N 3.335 T7.793  2.129 28.117 1.530 0.093
8 0 §.332 6.627 2.0k9 23.850 1.61k 0,059
9 F 5.281 5.620 2.003 20.459 1.713 0.040
10 Ne 6.196 4,822 1.96T 17.737 1.83k 0.032
1 Na 7.435 L.947  1.251 100.528 2.301 0.170
12 “Mg 7.366 3.857 2.2k5_ 70.636 2.375 0.115
13 Al T.132 3.302 3.1k 56,549 2.679 0.211
1% si 6.784 2,937 L.11L 43,918 3.063 0,200
15 P 6.209 2.9%2 5.001 35.185 3.754 0.180
16 s 5.695 3.24k  5.TS 29.218 L.530 0.151
17 c1 5.4U7 3.838  6.27T3 25.136 5.256 0.115
18 Ar 5.655 L.k62 6.570 22.1T3 5.759 0.083
19 K 9.83% B.423 2.386 67.058 6.691 0.39%
20 Ca 10,258 7.k98 2.946 BL.987 6.754 0.2L3
21 Se 10,940 6.976 3.158 7L.160 6.861 0.207
22 Ti 11.690 6.526 3.291 65.936 6.979 0.181
23 v 12.499 6.135 3.351 60.k11 T7.108 0.163
24 Cr 13,701 6.023 2,936 50.029 7.316 0.1T4
25 Mn 14,149 5.429 3.L18 51.808 7.391 0.1k
26 Fe 14,971 5.139 3.L21 LB.T43  7.569 0.130
27 Co  15.786 L.B66 3.415 46.109 7.763 0.118
28 Ni  16.621 L.599  3.L0L 43,760 T7.9L0 0.111
29 Cu 17.830 L.554  2.855 38.456 8.27T 0.107
30 Zn 18.215 u.171  3.338 40.368 B.412 0.103
3 Ga  18.438 3.914 3,779 Lk.600 B8.726 0.128
3 Ge  1B.b63 3.556 L.627 41.273 B.861 0.118
33 As 18,3kl 3.245  S5.5TT 36.35k 9.040 0.102
34 Se  18.126 2.984  6.569 31.621 9.263 0.091
35 Br 17726 2.8L6 T.BL 2B.025 9.753 0.080
36 Kr  17.319 2.723 8.k26 2L.917 10.226 0,071
31 Rb  16.909 3.968 6.6T4 31.706 13.193 0.305
38 Sr 17,749 499k 5,264 51.L00 1L.816 0.33€
9 Y 17.890 5.006 5.663 L49.864 15.307 0.290
40 Zr  18.092 5.059 5.980 47.106 15.808 0.251
5 No 18.040 4.971 6.660 35.980 16.161 0.21T
u2 Mo 18,529 5.067 6.750 3k.235 16.605 0.192
43 Te  19.L48 5.232 6.386 39.499 17.066 0.183
Ll Ru  19.881 5.228 6.64T 31.396 17.369 0.156
45 Rh 20,796 5.30k 6.403 30.8k1 17.7T21 0.14k
16 Pd 20,579 4.884 T.751 22.800 17.627 0.073
a7 Ag  22.T69 5.300 5.93% 29.356 18,215 0.119
u8 cd  23.898 5.264 5.561 3L.979 18.4T0 0.116
49 In  2L.756 S5.152 5.462 L1.883 18.695 0.131
50 Sn 25,126 L.B39 6.092 L2.986 18.709 0.111

At.No. Element A a -} b c €

51 Sb 25.29T7 &4.L61 7.03% L0.503 1B.609 0.095
52 Te  25.35h 4,103 8.097 37.070 1B8.496 0.077
53 1 25.3u1 3.787 9.195 33.780 18.41k 0,069
sk Xe 25,246 3.511 10.330 30,774 18,381 0.06k
55 Cs  25.225 3.855 9.721 33.157 19.790 0.22k
56 Ba  25.688 u4.489 8.490 L2.565 21.531 0.309
ST La  25.692 4.48T 8.968 42.607 22.087 0.285
58 Ce  27.030 4,518 8.237 41,321 22.4k9 0.29%
59 Pr  27.778 L.528 8.0U0 L1.299 22.909 0.28k
60 N@  2B.515 4.533 T.825 4l1.220 23.392 0.276
61 Pn 29,278 4.518 T.624 L4l1.255 23.838 0.267
62 Sm  30.038 k.482 T.WLT 41,08k 24,259 0.261
63 Eu 30.793 L4.L68  7.210 L1.501 2L.T49 0.253
6 Gd  30.999 k.2l T7.53L 12,320 25.259 0.227
65 T  32.256 L.398 6.827 L1.908 25.686 0.23h
66 Dy 32,975 L4.335 6.691 L1.691 26,106 0.231
61 Ho 33.673 L.306 6.Lk78 u2.264 26.626 O.224
68 Er 34,371 L.2L9  6.329 u2.4B1 27.085 0.216
69 Tm 35.062 k.91 6.181 42,601 27.567 0.208
70 Yo 35.702 k.1k3  6.038 42,903 28.058 0.201
T Lu 35.866 L4.049 6.459 43,29k 28,501 0,181
T2 HE 35.921 3.962 6.970 L41.6Lk 28,957 0.161
13 Ta  35.939 3.867 7.553 38.722 29.365 0.14T
Th W 35.912 3.8k0 7.981 36.656 29.9T4 0.137
5 Re  35.908 3.808 8.u2h 34.299 30.533 0.132
16 Os  35.959 3.806 8.760 32.482 31.150 0.12k
1 Ir 36,052 3.839 8.979 31.079 31.846 0.116
78 Pt 35.754 3,736  9.974 25,218 32.155 0.100
9 Au 36,00k 3.763 10.1ki 2.17T 32.741 0.093
80 Hg 36,901 3.972 9.201 27.913 33.784 0.103
81 T1  37.810 k.160 8.308 33.589 34.TL0 0.122
82 Pb 38.358 4.118 B.435 36.923 35.086 0,11k
83 Bi 38.719 3.962 9.066 37.515 35.117 0.09T
8L Po 38,951 3.770 9.941 36,472 35.025 0.081
85 At 39,134 3.552 10.994 3L.5TL 3k.804 0.06T
86 Rn 39.23% 3.346 12,117 32.491 34,591 0.05T
87 Fr  39.070 3..6L 11.882 33.T1k 35.756 0.156
88 Re  3B.968 3.779 11.078 39.170 37.591 0.22k
89 Ac 38.929 3.TTh 11.546 140.078 38.200 0.215
90, Th  38.789 3.735 12.20k 39.596 38.716 0.202
91 Pa 39,482 3.902 11.612 37.987 39.585 0.209
92 u 39.920 3.956 11.569 37.148 L0.195 0.206
93 Np  b0.4S3 L.025 11.396 36.706 L40.835 0.203
9k Pu 41.514 L4.090 10.931 34,393 41,308 0.206
95 Am k2,137 L.137 10.682 34.221 11.83% 0,202
96 Ca L2.571 L.160 10.T19 36.11T bL2.813 0.191
97 Bk k3.365 L.185 10,471 36.021 42.872 0.186
98 cf  kh.202 4.202 10.206 36.037 43,306 0.182
99 Es  U5.086 L.223 9.B75 36,476 43.761 0.1T9
100 o 45.970 4,213  9.639 36.458 uk.,118 0.17k
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Skillman (1964). Only the values in the meaningful range
0 <sin 6§ <1, have been used in the calculations. The usual
least-squares criterion has been used to estimate the good-
ness of fit, but, instead of following the normal procedure
and solving non-linear equations to find the values of the
constants, an optimization method has been used. The
least-squares criterion is that we seek to minimize the sum
of squares

s=Zwi{fi—A exp (—as})—~Bexp (—bs?})—C}2
i

where f; is the atomic scattering factor corresponding to the
value si, and wi=exp {—(s;:—5)2}, 5§ being the value of s
for §=45°. For Cu K« radiation the range of s is 0 to 0-65
in steps of 0-05 and §=0-5 and for Mo K« radiation the
range of s is 0 to 1:4 in steps of 0-05 and 5§=1:0. The
minimization has been performed by mean of the direct
methods of Powell (1964, 1965) with the previously pub-
lished values of the constants as a starting point. The first
method is general, and can be used to find the minimum
value of any function. The second method applies only to a
sum of squares but is more efficient in terms of computer

713

time for this special case. Some of the values in the Table
were obtained using both methods as a check. The Tables of
values of the constants include a measure of the goodness
of fit, ¢, given by

S 100

= Ewr _fb_
i

where fo=A+ B+ C. The same measure has been used by
previous workers.

All computations were carried out on an ICT 1905
computer at the Loughborough University of Technology
Computer Centre.
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Table 2. Analytical constants for atomic scattering factors for Mo K« radiation

At.No. Element 4 a B 4 4 €
1 H 0.377 17.388 0.608 29.389 0.012 0.223
2 He 0,835 2.722 1.115 12.729 0.0l 0.277
3 Li 1.679 2.317 1.13 90.k26 0.167 0.6k2
y Be 1,633 1.b1k 2,095 50.046 0.2k2 0.295
5 B 1.569 1.035 3.015 29.848 0.353 0.4k3
6 c 1.k47 1,017 3.882 20.031 0.585 0,532
7 N 1,122 1.368 L.601 15.061 0.883 0.5k1
8 0 1.80k 1.964 5.012 12.513 1.100 0.k68
9 F 2,641 2,400 5.064 11.084 1,229 0.36k4
10 Ne 3.660 2.486 L.9TT 9.981 1.310 0.280
11 Na 6.801 3.188 2.L65 22,456 1,461 O0.T48
12 Mg 7.563 2.8l 2,76k A5.LTH 1,573 0.578
13 A 7.66L 2.3k 3,608 143.211 1.616 0.420
1 si T.676 1.937 4.582 36,532 1.650 0.293
15 P 7.639 1.608 5.603 29.886 1.667 0.221
16 s 7.589 1.341 6.653 2L.u1k  1.667 0.20k
17 cL 7.537 1,127 T.Ti4 20.255 1.654 C.199
18 Ar T.47T1 0.952 8.790 17.009 1.639 0.208
19 K 7.340 0.891 9.299 1L.781 1.87k 0.551
20 Ca 7.102 0.996 9.593 1k.179 2.557 0.902
21 sc 6,951 1.096 10.17h 13.296 3.11k 0.930
22 T 6.980 1,26k 10.58L 12.665 3.690 0.921
23 v 7.293 1.475 10,792 12.230 4.193 0.895
24 cr 7.332 1.481 11.669 10.768 L.M1T 0.699
25 Mo 9.102 1.983 10.31k 12,336 4.965 0.T9%
26 Fe  10.L83 2.205 9.Tek 12.800 5.241 0.729
27 Co  11.958 2,349 9.101 13.326 5.L52 0.662
28 Ni 13.28% 2,0k  8.652 13.551 5.616 0.60L
29 Cu 13.313 2.226 9.632 10.865 5.657 O0.k71
30 2n 15.819 2.392 T.919 13.859 5.878 0.498
31 Ga  17.634 2.425 6,942 18.326 6.043 0.50k
32 Ge  18.608 2.332 6.957 22.264 6.139 O.LLT
33 As 19.0Tk 2,175 T.514 23.596 6.18 0.367
3 Se  19.301 2.000 8,321 22.96L 6.190 0.290
35 Br  19.419 1.832 9.2l1 21.577 6.179 0.227
36 K 19.475 1.67h 10.2k1 19.939 6.148 0.182
37 Rb  19.589 1.550 10.T7T 18.459 6.160 0.296
38 Sr 19.80k 1.L65 11.232 18,026 6.253 0.Ls5k
39 Y 19.946 1.382 11,998 17.640 6.338 0.L83
Lo Zr  19.995 1.300 12.86L 16.890 6.k2k 0.493
158 M 19.886 1,190 1k.149 15.470 6.371 0.Lo2
L2 Mo 19.826 1.11T7 15.136 1L.L69  6.446 0.401
43 Tc 19,808 1,097 15.673 13.982 6.794 0.4g1
Lk Ru  19.5T7 1.001 17T.108 12.617 6.722 0.392
us Rh  19.397 0.958 18.082 11.791 6.926 0.393
u6 P4 19,172 0.89% 19.435 10.925 6,981 0.31L
&7 Ag 18,903 0.901 19.969 10.363 7.529 0.38%
48 ca  18.687 0.957 20.181 10.132 8.379 O0.473
49 In  18.653 1.053 20,022 10,079 9.358 0.572
50 Sn 19.091 1.214 19,371 10.539 10.470 0.660

At.No, Element 4 a B b 3 €

51 §b  20.196 1.k2h 18.251 11.658 11.513 0.715
52 Te  21.773 1.638 16,977 13.528 12.359 0.7T18
53 1 23,218 1.784 16,133 15.618 12,946 0.670
54 Xe  2k.2b5 1.8h9 15.889 17.227 13.329 0.593
55 Cs  2L.B57 1.848 15.801 17.59k 13.566 0.5k2
56 Ba  25.49% 1.846 15.746 18,211 13.801 0.543
5T La 26,107 1.83h 15.991 19.150 1L.001 0.510
58 Ce 26,735 1.835 16,125 17.281 1k.20k 0.L83
59 Pr 27,400 1.823 16,295 16.791 14.375 O0.L61
60 Na 28.127 1.813 16.L07 16,358 1k4.5k2 0.439
61 Pm 28.861 1.798 16.52k 15,915 1k.696 0.k23
62 Sm 29,617 1.782 16.622 15.488 1k.843 0.k407
63 Eu  30.392 1.762 16,713 15.075 1L.976 0.395
64 cd 31,168 1.735 16.827 15.547 15.099 0.k01
65 T 32.006 1.720 16.856 14,337 15.223 0.373
66 Dy 32,823 1.697 16,923 13.97T 15.340 0.364
67 Ho 33,650 1.673 16.981 13.636 15.449 0.356
68 Er 3,502 1.6L8 17.021 13,32k 15,557 0.349
69 T 35.366 1.623 17.050 13.020 15.664 0.3L2
10 Yo 36.19k 1.597 17.120 12,721 15.764 0.337
n Lu 37,092 1.5T5 17.063 13.186 15.906 0.35T
T2 BEf  37.816 1.5LL 17.235 13.561 .16.030 0.363
3 Ta 38,372 1.502 17.641 13.736 16.105 0.359
T4 W 38.777 1.456 18.202 13.T11 16,171 0.351
75 Re  39.092 1..06 18.879 13.530 16.208 0.338
76 0s  39.295 1.353 19.678 13,192 16,226 0.329
T Ir  39.439 1.302 20.528 12.803 16.253 0.319
78 Pt 39.326 1.226 21.976 12.034 16.069 0.258
9 Au 39,360 1.176 22.96L 11.560 16.060 0.250
80 Hg 39,577 1.15T 23.37 11.402 16.319 0.297
81 T1 39,759 1.144 23,626 11.224 16.639 0.353
82 P> k0,046 1,150 23.686 11.31k 17.148 0.%13
83 Bl 40.b12 L.T1 23.599 11.599 17.788 0.465
8L Po 40.872 1.205 23.372 12.117 18.541 0.503
85 At kL.l 1.246 23,085 12.8k2 19.340 0.526
86 Ro  41.986 1.287 22.841 13,710 20.113 0,531
87 Fr 42,352 1,304 22,667 14.020 20.68k 0.52k
88 Ra 42,774 1.323 22.4T6 1L.LB1 21.263 0.537T
89 Ac  k3.322 1.355 22,315 15.hL0 21.926 0.539
90 TR k3.829 1.37T 22.329 16.386 22.495 0.528
91 Pa  43.kok 1,337 23.502 14,712 22.697 0,503
92 u 43446 1.331 2L.0T1 14.313 23.102 0.L88
93 Np 43,484 1.328 24,613 13.890 23.525 0.4T5
9L Pu  43.095 1.298 25.7T58 12,70 23.761 O,ulS
95 Am  43.159 1.299 26,260 12.342 2L.219 0.3k
96 Cm 43,728 1.328 26.08s 12.692 2L.816 O,LLL
97 B 43,880 1.332 26.496 12.343 25.253 0.435
98 cf  LL.,083 1,341 26,834 12.032 25.715 0.L26
99 Es  4L.339 1.350 27.128 11.735 26.163 0,L19
100 o L4,621 1.359 27.L0T 11.450 26.605 O.L11



